CONTRACTING AN ELEMENT FROM A COCIRCUIT. 



RHIANNON HALL AND DILLON MAYHEW 

Abstract. We consider the situation that M and N are 3-con- 
nected matroids such that \E{N)\ > 4 and C* is a cocircuit of AI 
with the property that M/xq has an iV- minor for some xq G C*. 
We show that either there is an element a; G C* such that si(M/x) 
or co(si(A//a;)) is 3-connected with an A^-minor, or there is a four- 
element fan of M that contains two elements of C* and an element 
X such that si(M/a;) is 3-connected with an A^-minor. 



1. Introduction 

There are a number of tools in matroid theory that tell us when we 
can remove an element or elements from a matroid, while maintaining 
both the presence of a minor and a certain type of connectivity. Some 
recent results are of this type, but have the additional restriction that 
the element (s) must have a certain relation to a given substructure in 
the matroid. For example, Oxley, Semple, and Whittle [9], consider a 
given basis of a matroid and consider either contracting elements that 
are in the basis, or deleting elements that are not in the basis. Hall [3] 
has investigated when it is possible to contract an element from a given 
hyperplane in a 3-connected matroid and remain 3-connected (up to 
parallel pairs). 

We make a contribution to this collection of tools by investigating the 
circumstances under which we can contract an element from a cocircuit 
while maintaining both the presence of a minor and 3-connectivity (up 
to parallel pairs), and the structures which prevent us from doing so. 
Our result has been employed by Geelen, Gerards, and Whittle [2] 
in their characterization of when three elements in a matroid lie in a 
common circuit. 
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Theorem 1.1. Suppose that M and N are 3-connected matroids such 
that \E{N)\ > 4 and C* is a cocircuit of M with the property that M/xq 
has an N -minor for some Xq E C* . Then either: 

(i) there is an element x G C* such that si(M/x) is 3-connected and 
has an N -minor; 

(a) there is an element x G C* such that co(si(M/x)) is 3-connected 

and has an N -minor; or, 
(Hi) there is a sequence of elements (xi, X2, X3, X4) from E{M) such 
that {xi, X2, X3} is a circuit, {x2, X3, X4} is a cocircuit, xi, X3 G 
C* , and si(M/x2) is 3-connected with an N-minor. 

The next example shows that statement (ii) of Theorem 11.11 is nec- 
essary. 




c d 



Figure 1. The graphic matroid M^K^Xe). 

Consider the rank-4 matroid M whose geometric representation is 
shown in Figure [H Note that M = M{K^\e). The set C = {a, b, c, d} 
is a circuit of M, and hence a cocircuit of M*. Moreover M*/x has a 
minor isomorphic to MlK^) for any element x G C. However co(M\x) 
is not 3-connected, as it contains a parallel pair, so si(M*/x) is not 
3-connected. On the other hand co(si(M*/x)) is 3-connected, and has 
a minor isomorphic to M{K4). 

More generally we suppose that r is an integer greater than two. 
Consider a basis A = {ai, . . . , a^} in the projective space PG(r — 1, M). 
Let / be a line of PG(r — 1, M) that is freely placed relative to A, and for 
alH G {1, . . . , r} let bi be the point that is in both / and the hyperplane 
of PG(r — 1, M) spanned by A — a^. Let B = {bi, . . . , b^}. We will use 
Of. to denote the restriction of PG(r — 1, M) to A U B. 

Suppose that 9^ is an isomorphic copy of 9^. with {a[, . . . , a^} U B 
as its ground set. Assume also that the isomorphism from 9^ to 9^ 
acts as the identity on B and takes Oj to a'^ for alH G {1, . . . , r}. Let 
M be the generalized parallel connection of 9^ and 9^. That is, M is 
a matroid on the ground set AU A' U B and the flats of M are exactly 
the sets F such that Fn{AUB) is a fiat of 9^ and F n {A' U B) is a 
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flat of 9J.. Note tliat if r = 3 tlien M is isomorphic to M{K^\e), the 
matroid illustrated in Figure [TJ 

It is easy to see that 9^ is self-dual and that C = {A — ai)U {A' — a[) 
is a circuit of M, and hence a cocircuit of M*. Moreover M*/x has 
an isomorphic copy of as a minor for every element x G C. We 
note that every three-element subset of A is a circuit of M*. Thus 
A — X is a parallel class of M*/x for every x & C (1 A. However the 
simplification of M*/x contains a unique series pair, and is therefore 
not 3-connected. On the other hand co(si(M*/x)) is 3-connected, and 
has a minor isomorphic to G,.. 

The structure described in the last example has been discovered be- 
fore. The matroid Gr is a fundamental object in the generalized A-Y 
operation of Oxley, Semple, and Vertigan [7J. Furthermore this con- 
struction is an example of a 'crocodile', as described by Hall, Oxley, 
and Semple [1]. 

To see that statement (iii) of Theorem 11.11 is necessary consider the 
graph G shown in Figure [2J Let C* be the cocircuit of M = M{G) 
comprising the edges incident with the vertex a. It is easy to see that 
if X is any edge between a and a vertex in {b, c, d, e, /} then M/x has 
a minor isomorphic to M{Kq), and that these are the only edges in C* 
with this property. But in this case neither si (M/x) nor co(si(M/x)) is 
3-connected. On the other hand, if we let xi be the edge ad, X2 be cd, 
X3 be ac, and X4 be be, then (xi, X2, X3, X4) is a sequence of the type 
described in statement (iii) of Theorem 11.11 



c b 
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Figure 2. The graph G. 

Our main result shows that there are essentially only two structures 
that prevent us from finding an element x E C* such that si(M/x) is 
3-connected with an A^-minor. These structures are named 'segment- 
cosegment pairs' and 'four-element fans'. The dual of the matroid in 
Figured] contains a segment-cosegment pair, and the graph in Figure [2] 
contains a four-element fan. Before describing our result in detail we 
fix some terminology. Suppose that M is a matroid. Recall that a 
triangle of M is a three-element circuit, and a triad is a three-element 
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cocircuit. A four-element fan of M is a sequence (xi, X2, X3, X4) of 
distinct elements from E{M) such that {xi, X2, x^} is a triangle and 
{x2, X3, X4} is a triad. A segment of M is a set L such that \L\ > 3 
and every three-element subset of M is a triangle, and a cosegment of 
M is a segment of M*. We say that {L, L*) is a segment-cosegment 
pair a L = {xi, . . . , Xt} is a segment of M, and L* = {yi, . . . , yt} is a 
set such that L fl L* = and for every Xi E L the set (cl(L) — Xi) U yi 
is a cocircuit. Segment-cosegment pairs will be considered in detail 
in Section [31 A spore is a pair (P, s) such that P is a rank-one flat, 
and P U s is a cocircuit. A matroid M is 3-connected up to a unique 
spore if M contains a single spore (P, s), and whenever (X, Y) is a 
/c-separation of M for some < 3 then either XCPUsorFCPUs. 
Theorem 11.11 follows from the next result. It gives a more detailed 
analysis of the structures we encounter. 

Theorem 1.2. Suppose that M and N are 3-connected matroids such 
that \E{N)\ > 4 and C* is a cocircuit of M with the property that M/xq 
has an N -minor for some Xq E C* . Then either: 

(i) there is an element x E C* such that si{M/x) is 3-connected and 
has an N -minor; 

(a) there is a four- element fan {xi, X2, X3, X4) of M such thatxi, X3 G 

C* , and si{M/x2) is 3-connected with an N -minor; 
(Hi) there is a segment-cosegment pair {L, L*) such that L C C* , and 
cl(L) — L contains a single element e. In this case e ^ C* and 
si(M/e) is 3-connected with an N -minor. Moreover M/ c\{L) is 
3-connected with an N -minor, and if Xi E L then M/xi is 3-con- 
nected up to a unique spore (cl(L) — Xi, yi); or, 

(iv) there is a segment-cosegment pair (L, L*) such that L is a flat and 
\L — C*\ < 1. In this case MjL is 3-connected with an N -minor, 
and if Xi E L then M/xi is 3-connected up to a unique spore 
{L-Xi, yi). 

We note that if (L, L*) is a segment-cosegment pair of the matroid 
M, and M/cl(L) has an X-minor, then \E{M) - c\{L)\ > 4. Under 
these hypotheses Proposition 13.61 tells us that M/ cl{L) is isomorphic 
to co(si(M/a;j)) for any element Xi G L. Therefore Theorem 11.11 does 
indeed follow from Theorem 11.21 

By dualizing we immediately obtain the following corollary of The- 
orem [LTl 

Theorem 1.3. Suppose that M and N are 3-connected matroids such 
that \E{N)\ > 4 and C is a circuit of M with the property that M\xo 
has an N -minor for some Xq G C. Then either: 
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(i) there is an element x G C such that co(M\x) is ^-connected and 
has an N -minor; 

(a) there is an element x G C such that si(co(M\x)) is 3-connected 

and has an N -minor; or, 
(Hi) there is a four-element fan (xi, X2, X3, X4) in M such that 

X2, X4 G C , and co(M\x3) is 3-connected with an N-minor. 

We note that Lemos [5J has considered the situation that a 3-con- 
nected matroid M contains a circuit C with the property that M\x is 
not 3-connected for any element x G C. He shows that in this case C 
meets at least two triads of M. 

In Section [2] we introduce essential notions of matroid connectiv- 
ity. Section [3] contains a detailed discussion of one of the structures 
we uncover: segment-cosegment pairs. In Section H] we collect some 
preliminary lemmas, and in Section [5] we complete the proof of Theo- 
rem [T21 Notation and terminology generally follows that of Oxley [6j, 
except that the simple (respectively cosimple) matroid associated with 
the matroid M is denoted si(M) (respectively co(M)). We consistently 
write z instead of {z} for the set containing the single element z. 

2. Essentials 

This section collects some elementary results on matroid connectiv- 
ity. Let M be a matroid on the ground set E. The connectivity function 
of M, denoted by Am (or A when there is no ambiguity), takes subsets 
of £■ to Z+ U {0}. It is defined so that 

Xm{X) = tm{X) + tm{E - X) - r(M) 

for any subset X C E. Note that X{X) = X{E - X) and Xm^X) = 
Xm{X) for any subset X <Z E. It is well known, and easy to verify, 
that the connectivity function of M is submodular. That is, for all 
X, Y C E, the inequality 

x{x n r) + A(x u r) < x{x) + x{y) 

is satisfied. 

We say that a subset X (1 E is k-separating or a k-separator of M 
if A(X) < k, and we say that a partition (X, E — X) is a k-separation 
of M if X is fc-separating and |X|, \E — X\ > k. A fc-separator X 
or a fc-separation (X, E — X) is exact if A(X) = k — 1. A matroid 
M is n-connected if M has no fc-separation for any k < n. We define 
a k-partition of M to be a partition (Xi, X2, . . . ,X„) of E such that 
Xj is ^-separating for all 1 < i < n. We say that the /c-partition 
(Xi, X2, . . . , X„) is exact if each /c-separator Xj is exact. 

The next result is easy. 
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Proposition 2.1. Let N be a minor of the matroid M and let X he a 
subset ofE{M). Then Xn{E{N) n X) < Xm{X). 

Proposition 2.2. Suppose that M is a matroid and that {X, Y, z) is 
a partition of E{M). If X{X) = X{Y) then z is in cl(X) fl cl{Y) or in 
cr(X) ncr(F), but not both. 

Proof. Since 

X{X) = r(X) + r{Y U z) - r(M) = r(X U z) + i{Y) - r(M) = X{Y) 

it follows that r(F U ^) - r(F) = t{X U z) - r(X). Therefore, z G cl(X) 
if and only if 2; G cl(y). In the case that z ^ cl(X) and z ^ cl(y) then 

r*(r Uz)- T*{Y) = {\Y Uz\+ i{X) - r(M)) 

- {\Y\ + t{X Uz)- r(M)) = 1 + r(X) - r(X U z) = 0. 

Thus z G cl*{Y). The same argument shows that z G cr(X). 

Finally we note that z G cr(X) if and only if 2; ^ cl(y). Thus 
cl(X) n cl(y) and cr(X) n cr(F) are disjoint. □ 

The next result is well known, and follows without difficulty from 
the dual of |H1 Lemma 2.5]. 

Proposition 2.3. Suppose that X is an exactly 3-separating set of the 
3-connected matroid M. Suppose also that A C E{M) — X . If \A\ > 3 
and A C cr(X) then A is a cosegment of M. 

Definition 2.4. Suppose that M is a matroid and that x G E{M). 
Let (Xi, X2) be a partition of E{M) — x such that there is a positive 
integer k with the property that: 

(i) A(Xi) = A(X2) = k-l- 

(ii) r(Xi), r(X2) > k; and, 

(iii) X G cl(Xi) ncl(X2). 

In this case (Xi, X2, x) is a vertical k-partition of M. 

The next result is well known and easy to prove. 

Proposition 2.5. Let M be a 3-connected matroid and suppose that 
si(M/x) is not 3-connected for some x G E{M). Then there exists a 
vertical 3-partition (Xi, X2, x) of M. 

Proposition 2.6. Suppose that (Xi, X2, x) is vertical k-partition of 
the k-connected matroid M. Let A be a subset of cl(X2 U x). Then 
(Xi - A, (X2 U A) also a vertical k-partition of M. 
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Proof. Suppose that z is some element in Xi fl A. Then A(Xi — z) is 
either k-2 or k-1. If A(Xi - z) = k - 2 then (Xi - z, X2U {x, z}) 
is a (A; — l)-separation of M, a contradiction. Hence A(Xi — z) = k — 1 
which imphes that r(Xi — z) = r(Xi). Thus cl(Xi — z) = cl(Xi), and 
hence x G cl(Xi — z). It follows that {Xi — z, X2 U z, x) is a vertical 
fc-partition of M. By continuing to transfer elements in Xid A from 
Xi into X2 we eventually conclude that (X2 — A, (X2 U A) is a 

vertical ^-partition of M, as desired. □ 

Suppose that Mi and M2 are matroids such that E{Mi) fl E{M2) = 
{p}. Then we can define the parallel connection of Mi and M2, denoted 
by P(Mi, M2). The ground set of P(Mi, M2) is ^(Mi) U E{M2). If 
p is a loop in neither Mi nor M2 then the circuits of P(Mi, M2) are 
exactly the circuits of Mi, the circuits of M2, and sets of the form 
(Ci — p) U {C2 — p), where Ci is a circuit of Mi such that p G Ci for 
i = 1, 2. If p is a loop in Mi then P(Mi, M2) is defined to be the direct 
sum of Ml and M2/P. Similarly, if p is a loop in M2 then P(Mi, M2) 
is defined to be the direct sum of Mi/p and M2. We say that p is 
the basepoint of the parallel connection. It is clear that P(Mi, M2) = 
P(M2, Ml). 

The next result follows from [6^, Proposition 7.1.15 (v)]. 

Proposition 2.7. Suppose that Mi and M2 are matroids such that 
E{Mi) n E{M2) = {p}. If e e E{Mi) - p then P(Mi, M2)\e = 
P{Mi\e, M2) and P{Mi, M2)/e = P(Mi/e, M2). 

Assume that Mi and M2 are matroids such that E{Mi) fl E{M2) = 
{p}. If p is not a loop or a coloop in either Mi or M2 then P(Mi, M2)\p 
is the 2-sum of Mi and M2, denoted by Mi ©2 M2. We say that p is 
the basepoint of the 2-sum. 

The next result follows from [10, (2.6)]. 

Proposition 2.8. // (Xi, X2) is an exact 2-separation of a matroid 
M then there exist matroids Mi and M2 on the ground sets Xi Up and 
X2U p respectively, where p is in neither Xi nor X2, such that M is 
equal to Mi ©2 M2. 

Proposition 2.9. Suppose that N is a 3-connected matroid. Let M 
be a matroid with a vertical 3-partition (Xi, X2, x) such that N is a 
minor ofM/x. Then either |P(X) n Xi| < 1, or \E{N) n X2I < 1. 

Proof. Since (Xi, X2) is a 2-separation of M/x the result follows im- 
mediately from Proposition 12.11 □ 

Lemma 2.10. Suppose that N is a 3-connected matroid such that 
\E{N)\ > 2. Let M be a matroid with a vertical 3-partition (Xi, X2, x) 
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such that N is a minor of M/x. If l-E'(A^) H Xi| < 1 then M/x/e has 
an N -minor for every element e G Xi — c1m(X2). 

Proof. Since (Xi, X2) is an exact 2-separation of M/x, it follows from 
Proposition 12.81 that M/ x is the 2-sum of matroids Mi and M2 along 
the basepoint p, where E{Mi) = XiU p and E{M2) = X2U p. Thus 
M/x = P{Mi, M2)\p. 

Suppose that E{N) fl Xi = 0. Then there is a partition {A, B) of 
Xi such that X is a minor of M/x/A\B. Suppose that p is a loop in 
Mi/A\B. Proposition 12.71 implies that 

M/x/A\B = P{Mi/A\B, M2) V 

Now the definition of parallel connection implies that M/x/A\B is 
isomorphic to M2/P. It is easily seen that if e G Xi then there is 
a minor M' of Mi/e such that E{M') = {p} and p is a loop of M'. 
Proposition 12.71 implies that P{M', M2)\p is a minor of M/x/e. But 
P{M', M2)\p is isomorphic to M2/P, so M/x/e has an X-minor. 

Next we suppose that p is a coloop of Mi/A\B. Then, by definition 
of the parallel connection, M/x/A\B is isomorphic to M2\p. Suppose 
that e G Xi — cl(X2). Since p is not a coloop of M2 it follows easily 
that p G c1m(X2). Thus e is not parallel to p in Mi. Therefore there 
is a minor M' of Mi/e such that E{M') = {p} and p is a coloop of 
M'. Again using Proposition 12.71 we see that P{M', M2)\p is a minor 
of M/x/e. But since P{M', M2)\p is isomorphic to M2\p we deduce 
that M/x/e has an X-minor. 

Now we assume that \E{N) fl Xi| = 1 and that z is the unique 
element in E{N) fl Xi. There is a partition [A, B) of Xi — 2; such 
that X is a minor of M/x/A\B. It follows from Proposition 12.71 that 
P{Mi/A\B, M2)\p has an X-minor. Consider the matroid Mi/A\B. 
If {z, p} is not a parallel pair in this matroid then z must be a loop or 
coloop in P{Mi/A\B, M2)\p. This implies that 2; is a loop or coloop 
in X, a contradiction as X is 3-connected and |£'(X)| > 2. Therefore 
z and p are parallel in Mi/A\B, and therefore P{Mi/A\B, M2)\p is 
isomorphic to M2. Thus M2 has an X-minor. 

Since p is not a loop or coloop of Mi there is a circuit of size at 
least two in Mi that contains p. Suppose that e G Xi — c1m(X2). 
Then e cannot be parallel to p in Mi, so M\/e has a circuit of size 
at least two that contains p. Hence there is a minor M' of M\/e such 
that p G E{M') and M' consists of a parallel pair. Proposition 12.71 
implies that P(M', M2)\p is a minor of M/x/e. But P(M', M2)\p is 
isomorphic to M2, so M/x/e has an X-minor. □ 
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Definition 2.11. Suppose that M is a matroid and that A and B are 
subsets of E[M). The local connectivity between A and B, denoted by 
n(A, 5), isdefinedtober(yl)+r(5)-r(ylUB). Equivalently, n(A, B) 
is equal to Xm\(Avjb){A). 

Proposition 2.12. [HI Lemma 2.4 (iv)] Let M he a matroid and let 
{A, B, C) be a partition ofE{M). Then n(A, B) + X{C) = n{A, C) + 
X{B). Hence n{A, B) = n{A, C) if and only if X{B) = X{C). 

Corollary 2.13. Let {X, Y, Z) be an exact 3-partition of the 3-con- 
nected matroid M. Then n(X, Y) = \1{X, Z) = \l(Y, Z). 

Proposition 2.14. Suppose that M is a matroid and that X andY are 
disjoint subsets of E{M) such that n(X, Y) = 1. If x, y e X n d(Y) 
then r({x, y}) < 1. 

Proof Assume that r({x, y}) = 2. Let X' = cl(X) and Y' = cl(Y). It 
is easy to see that r(X' U Y') = r(X U Y). However 

r(X'UF') < r{X') + r{Y')-i{X'nY') < r(X)+r(F)-2 = r(XUF)-l. 

This contradiction completes the proof. □ 

We conclude this section by stating a fundamental tool in the study 
of 3-connected matroids, due to Bixby [Ij. 

Theorem 2.15 (Bixby's Lemma). Let M be a 3-connected matroid 
and suppose that x is an element of E{M). Then either si{M/x) or 
co{M\x) is 3-connected. 

3. Segment-cosegment pairs 

Suppose that M is a matroid. Recall that L is a segment of M if 
|L| > 3 and every three-element subset of L is a circuit of M, and that 
L* is a cosegment of M if |L*| > 3 and every three-element subset of 
L* is a cocircuit. We restate the definition of segment-cosegment pairs 
given in Section 1. 

Definition 3.1. Suppose that L = {xi, . . . ,Xt} is a segment of the 
matroid M and there is a set L* = {yi, . . . , yt} with the property that 
LnL* = and (cl(L) — Xi) Uyi is a cocircuit of M for alH G {1, . . . , t}. 
In this case we say that (L, L*) is a segment-cosegment pair of M. 

In a 3-connected matroid a segment-cosegment pair is an example of 
a 'crocodile', a structure that provides a collection of equivalent 3-sep- 
arations. 'Crocodiles' were considered by Hall, Oxley, and Semple [4]. 
The next result explains the name segment-cosegment pair. 
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Proposition 3.2. Suppose that {L, L*) is a segment-cosegment pair of 
the 3-connected matroid M. Then L* is a cosegment of M. 

Proof. Suppose that yi G L*. The definition of a segment-cosegment 
pair means that yi G cl*(cl(L)). Thus L* C cr(cl(L)). Moreover cI(L) 
is exactly 3-separating in M. The result follows by Proposition [2]3l □ 

Proposition 3.3. Suppose that {L, L*) is a segment-cosegment pair of 
the 3-connected matroid M. Then M/ c\{L) is 3-connected. 

Proof. Suppose that L = {xi, . . . , Xt} and L* = {yi, . . . , yt}. Assume 
that M/ cl{L) is not 3-connected, so that (Xi, X2) is a fc-separation of 
M/cl(L) for some k <2. Let Lq = cl(L). Note that for i G {1, 2} we 
have 

SO TMiXi) = iM/LoiXi) + nM{Xi, Lq). 

Suppose that nAf(Xi, Lq) = 0. Then rAf(Xi) = iM/LoiXi) and 
tm{X2 U Lo) = + 2, so 

Am(Xi) = tm/Lo{Xi) + (rA//Lo(^2) + 2) - (r(M/Lo) + 2) 

= AAf/Lo(^l) < k. 

This is a contradiction as M is 3-connected. By using a symmetric 
argument we can conclude that nA/(Xj, Lq) > for all i G {1, 2}. 

Suppose that Xi G cIm(-^i) for some i G {1, . . . ,t}. Then there is a 
circuit Ci C Xi U Xi such that Xj G Ci. For al\ k E {1, . . . ,t} — i the 
set (Lq — Xk) U ?/fc is a cocircuit. It cannot be the case that Ci meets 
this cocircuit in a single element, so yk G Xi for all k G {1, . . . ,t} — i. 

Now suppose that Xj G c\m{X2) for some j G {1, . . . ,t}. By using 
the same arguments as above we can conclude that L* — yj C X2. As 
L* —yi and L* —yj have a non-empty intersection this is a contradiction. 
Therefore c\m{,X2) fl L = 0. Note that n(X2, Lq) < 2 because r(Lo) = 
2. If n(X2, Lq) were two, it would follow that Lq C c1(X2). Hence 

n(X2, Lq) = 1. 

Let i be an element of {1, . . . , t} — i. Then Lq C c1m(X2 U Xj), and 
there must be a circuit C2 C X2 U {xj, x^} such that {xj, Xj} C C2. 
But then C2 meets the cocircuit [Lq — xj) U yj in a single element, Xj. 
From this contradiction we conclude that c1a/(Xi) fl L = 0, and by 
symmetry c1m(X2) fl L = 0. This means that 

nM(Xi, Lq) = nAf(X2, Lq) = 1. 

It must be the case that X2 G c1m(Xi U xi), and there is a circuit 
C3 ^ Xi U {xi, X2} such that {xi, X2} C C3. Since {Lq — xi) U yi 
is a cocircuit we conclude that j/i G Xi. But we can use an identical 
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argument to show that yi G X2. This contradiction completes the 
proof. □ 

We now restate the definition of a spore. 

Definition 3.4. Suppose that P is a rank-one fiat of a matroid M and 
that s is an element of E{M) such that P U s is a cocircuit. Then we 
say that (P, s) is a spore. 

Recall from Section [T] that a matroid M is 3-connected up to a unique 
spore if it contains a single spore (P, s), and whenever (X, Y) is a 
^-separation of M for some A; < 3 then either XCPUsorFCPUs. 

Lemma 3.5. Suppose that (L, L*) is a segment- co segment pair of the 
?) -connected matroid M where \E{M) — c\{L)\ > 4. Let L = {xi, . . . ,Xt} 
and L* = {yi, . . . , yt}. Then M/xi is 3-connected up to a unique spore 
(cl(L) - Xi, yi), for all i e {1, . . . ,t}. 

Proof. Let E be the ground set of M and let Lq = cl(L). We will 
show that M/xi is 3-connected up to the unique spore (Lq — Xi, yi). 
Certainly (Lq — Xi, yi) is a spore of M/xi. Suppose that (P, s) is a 
spore of M/xi that is distinct from (Lq — Xi, yi). 

We initially assume that Lq — Xi = P. Thus s 7^ yi. As {Lq — Xi)U s 
and {Lq — Xi) Uyi are both cocircuits of M/xi it follows that E — {Lq U 
{s, yi}) is the intersection of two hyperplanes of M/xi. Thus 

tm/xXE - {Lq U {s, yi})) < t{M/x,) - 2. 

and therefore 

TM/Lo{E - (Lo U {s, y,})) < T{M/xi) -2 = t{M/Lq) - 1. 

Hence {s, yi} contains a cocircuit in M/Lq. Therefore M/Lq contains 
a cocircuit of size at most two, a contradiction as M/Lq is 3-connected 
by Proposition [331 and \E{M/Lq)\ > 4. 

Now we must assume that Lq — Xi 7^ P. Hence P U rank- 
two fiat of M that meets Lq in exactly one element, Xj. Suppose that 
P contains a single element p. Then {p, s} is a cocircuit of M, a 
contradiction. Therefore P U contains at least one triangle. Suppose 
that P does not contain where j 7^ i. Then there is a triangle in 
P U Xi that meets the cocircuit {Lq — Xj) U yj in exactly one element, 
Xi. This contradiction shows that L* — yi O P. 

Assume that t > 3. As L* is a cosegment there is a triad of M 
contained in L*—yi. However this triad is also contained in the segment 
P U Xi, and is therefore a triangle. But |i?(M)| > 4 and a 3-connected 
matroid with at least five elements cannot contain a triangle that is 
also a triad. This contradiction shows that t = 3. 
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Suppose j G {1, 2, 3} and that j ^ i. If \P\ > 2 then there is a 
triangle contained in P that contains yj. However this triangle would 
meet the cocircuit (Lq — Xj) Uyj in exactly one element. Thus \P\ = 2, 
and P = L* — yi. 

Suppose that j, k G {1, 2, 3} and neither j nor k is equal to i. Then 
LqU P contains the two cocircuits (Lq — Xj) U yj and (Lq — Xk) U yk- 
Hence tm{E — {Lq U P)) < r(M) — 2. However it is easy to see that 
tmILqU P) = 3. As |P| = 2 it follows that E - {LqU P) contains at 
least two elements. Thus {Lq U P, E — {Lq U P)) is a 2-separation of 
M, a contradiction. 

We have shown that {Lq — Xi, y^) is the unique spore of M/xi. Next 
we show that M/xi is 3-connected up to this spore. Suppose that 
(X, Y) is a fc-separation of M/xi for some < 3. By relabeling if 
necessary we will assume that yi G X. Assume that the result is false, 
so that neither X nor Y is contained in {Lq — Xi) U yi. Therefore X 
contains at least one element from E—{LQUyi). As M/ Lq is 3-connected 
by Proposition 13.31 we deduce from Proposition 12.11 that either X — Lq 
or Y — Lq contains at most one element. We have already concluded 
that X — Lq contains at least two elements (as y^ G X), so Y — Lq 
contains precisely one element. As M is 3-connected it contains no 
parallel pairs, so M/xi contains no loops. Therefore tm/xX'^) = 2, and 
hence ym/xX-^) — ^{M/xi) — 1. Thus Y contains a cocircuit of M/xi. 
As M/xi has no coloops, and any cocircuit that meets a parallel class 
contains that parallel class it follows that — Xj C Y . Let s be the 
single element in F — Lq. It cannot be the case that F is a cocircuit in 
M/xi, for that would imply that {Lq — Xi, s) is a spore of M/xi that 
differs from {Lq — Xi, yi), contradicting our earlier conclusion. Now 
we see that Y — s = Lq — Xi must be a cocircuit of M/xi, but this 
is a contradiction as Lq — Xi is properly contained in the cocircuit 
{Lq — Xi) U yi. The completes the proof. □ 

The next result shows that Theorem 11.11 is a consequence of Theo- 
rem [L2l 

Proposition 3.6. Suppose that {L, L*) is a segment- cosegment pair of 
a matroid M , and that Mj cl(L) is 3-connected and \E{M) — cl{L) | > 4. 
Let L = {xi, . . . ,Xt} and L* = {yi, . . . ,yt} . Then co(si(M/xj)) = 
M/ cl{L) for any element Xi E L. 

Proof. Let Lq = c\{L) and let xj ^ Xi be an element of L. Suppose that 
P and 5* are disjoint subsets of E{M)—Xi chosen so that co(si(M/xi)) = 
M/xi\P/ S. As Lq — Xi is a parallel class in M/xi we may assume that 
Lq — {xj, Xj} C P and that Xj ^ P. We may assume that yi ^ P, 
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and hence {xj, tji} is a union of cocircuits in M/xi\P. Therefore we 
may assume Xj e S. Since the elements in Lq — {xj, Xj} are loops in 
M/xi/xj it follows that 

M/x,\P/S^M/xi/x^/{Lo-{xi, Xj})\{P-{L^-{xi, x^}))/{S -x^). 

This last matroid is equal to M/Lo\(P—(-Lo — {a:;i, Xj}))/{S~Xj). Since 
M/ Lq is 3-connected and the elements in P— (Lq — {x.i^ Xj}) arc either 
loops or parallel elements in M/Lq it follows that P = Lq — {xi, Xj}. 
Thus M/xi\P/S = M/Lo/{S-Xj). But M/Lq is 3-connected, so S-Xj 
must be empty. Thus M/Lq = co(si(M/xi)), as desired. □ 

4. Preliminary lemmas 

Proposition 4.1. Suppose that C* is a cocircuit of the 3-connected 
matroidM. Assume that (Xi, X2, x) is a verticals-partition of M such 
that xeC*. Then C* n (X^ - d{X2)) ^ and C* n {X2 - cl(Xi)) ^ 0. 

Proof. Note that r(Xi), r(X2) > 3 imphes that \E{M)\ > 4, so every 
circuit and cocircuit of M contains at least three elements. Let X 
be Xi — cl(X2). The fact that r(Xi) > 3 implies that X contains a 
cocircuit, so |X| > 3. Suppose that x is not in cl(X). Then r(X) < 
r(Xi). Since |X| > 3 this implies that (X, cl(X2)) is a 2-separation of 
M, a contradiction. 

Now suppose that C* C cl(X2). Then as a; G cl(X) and x e C* there 
is a circuit in M that meets C* in exactly one element, x. This is a 
contradiction. The same argument shows that C* fl (X2 — cl(Xi)) 7^ 0, 
so the proposition holds. □ 

Definition 4.2. Suppose that M is a 3-connected matroid and that A 
is a subset of E{M). A minimal partition with respect to A is a vertical 
3-partition (Xi, X2, x) of M that satisfies the following properties: 

(i) X e A; 

(ii) if (Yi, y) is a vertical 3-partition of M such that y G Afl (Xi U 
x) and X2 n Yi = 0, then (Yi, 1^2, 2/) = (^1, ^2, a;); and, 

(iii) if (yi, Y2, y) is a vertical 3-partition of M such that y G An (Xi U 
x) and X2 n ^2 = then (^2, Y^, y) = (Xi, X2, x). 

If there is no ambiguity we will refer to a minimal partition with 
respect to A as a minimal partition. 

Lemma 4.3. Suppose that M is a 3-connected matroid and that A is 
a subset of E{M). Suppose that for some element z E A there is a 
vertical 3-partition {Zi, Z2, z) of M. Let Z = Z\ — <A{Z2). Then there 
is a minimal partition (Xi, X2, x) with respect to A such that Xi C. Z 
and X e An {Z U z). 
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Proof. Let Z be the family of vertical 3-partitions {Si, S2, z) with the 
property that Si C Zi. Choose z) from Z so that if (5*1, 5*2, z) 

is in Z, then Si is not properly contained in Z[. Observe that Propo- 
sition 12.61 implies that Z[ C Z. 

Let S be the family of vertical 3-partitions (Si, 5*2, s) with s G A fl 
{Z[ Uz). Let 5o be the set of vertical 3-partitions {Si, S2, s) in S with 
the property that either Si C Z[ or 5*2 C ZJ. Without loss of generality 
we will assume that if {Si, S2, s) is in Sq then Si O Z[. Suppose that 
(5"!, S2, z) is a member of Sq. Then our choice of {Z[, Z^, z) means 
that 5*1 = Z[ and 5*2 = ^2- {^'n ^'21 ^) o^^y member of Sq 

then we can set {Xi, X2, x) to be {Z[, Z'^, z\ and we will be done. 
Therefore we will assume that there is at least one vertical 3-partition 
{Si, 5*2, s) in 5o such that s ^ z. Let Si be the collection of such 
partitions. 

We now let {Xi, X2, x) be a vertical 3-partition in Si chosen so that 
if (5*1, 5*2, s) G 5i, then 6*1 U s is not properly contained in Xi U x. We 
will prove that {Xi, X2, x) is the desired vertical 3-partition. 

It is certainly true that Xi C Z. If there is some element e in 
Xi n cl(X2 U x) then {Xi — e, X2 U e, x) is a vertical 3-partition by 
Proposition 12. 6[ However this contradicts our choice of {Xi, X2, x). 
Therefore X2 U X IS cL flat. We assume that (Yi, Y2, y) is a vertical 
3-partition and that y G A fl (Xi U a;). As Xi C Z[ it follows that 
y & Af\ Z[. Our assumption on (Xi, X2, x) means that neither YiUy 
nor I2 U ?/ can be properly contained in Xi U x. 

Suppose that X2 fl Fi = 0. Then YiUy must be equal to Xi U x. If 
y ^ X then the fact that y G cl(l2) and F2 = X2 means that y G cl(X2), 
which is a contradiction as X2 U x is a flat. Therefore y = x, so 
{Yi, Y2, y) is equal to (Xi, X2, x). The same argument shows that if 
X2 n 1^2 = then {Yi, Y2, y) = (X2, Xi, x). Thus (Xi, X2, x) is the 
desired minimal partition. □ 

Proposition 4.4. Suppose that M is a matroid and that A C E{M). 
Suppose that (Xi, X2, x) is a minimal partition with respect to A. Then 
X2 U X a flat of M . 

Proof. Suppose that there is some element ^ G Xi fl cl(X2 U x). Then 
(Xi — X2 U z, x) is a vertical 3-partition of M by Proposition 12.61 
This contradicts the fact that (Xi, X2, x) is a minimal partition. □ 

Lemma 4.5. Suppose that M is a 3-connected matroid and that A C 
E{M). Suppose that (Xi, X2, x) is a minimal partition with respect to 
A. Suppose also that (Yi, Y2, y) is a vertical 3-partition of M such that 
y & A n Xi and x G Yi . Then the following statements hold: 
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(t) X,nY,^% for all 1, 3 e {1,2}; 

(li) Each o/XinF2, {XinY2)Uy, XsnYi, (XanF^Ux, and X2nY2 

is S-separating in M; 
(Hi) {Xi n Yi) U {x, y} is A-separating in M; 

(iv) Neither Xi fl Yi nor Xi fl I2 is contained in cl(X2), Xi fl Yi ^ 
d{Y2), andX,nY2^d{Y,); 

(v) r((Xinr2)Uy) =2; and, 

(vi) If (Xi n Fl) U {x, y} is 3-separating in M, then r((Xi fl Yi) U 

{x, y}) = 2. 

Proof. We start by proving ([1]). Since y ^ x the definition of a minimal 
partition means tliat X2 fl Yi 7^ and X2 fl F2 7^ 0- Moreover X2 U x is 
a flat of M by Proposition I4.4[ and y & Xi, so y ^ cl(X2 Ux). However 
y G cl(Fi) n cl(F2)- It follows that neither Yi nor F2 can be contained 
in X2 U X. Thus both Yi and F2 meet Xi. 

Next we prove i^. Consider XiPFa- Since A(Xi) = 2 and A(F2) = 2 
the submodularity of the connectivity function implies that A(XinF2) + 
A(Xi U F2) < 4. If Xi n F2 is not 3-separating then A(Xi U F2) < 1- 
However IX1UF2I > 2 and the complement of X1UF2 certainly contains 
at least two elements, since it contains x, and X2 fl Yi is non-empty. 
Thus M has a 2-separation, a contradiction. This shows that Xi fl Y2 
is 3-separating. 

Since Xi and F2 U y are both 3-separating the same argument shows 
that (Xi n F2) U y is 3-separating. Since the complement of X2 U Yi 
contains both y and at least one element in Xi fl F2! "we can also show 
that X2nFi and (X2nFi)Ux are both 3-separating. The same argument 
shows that X2 fl Y2 is 3-separating. 

Consider fplll) . The submodularity of the connectivity function shows 
that 

A((Xi n Fl) U {x, y}) + A(Xi U Fi) < 4. 

Thus if (Xi n Fl) U {x, y} is not 4-separating then A(Xi U Fi) = 0. But 
this cannot occur as XiUFi is non-empty, and its complement contains 
X2 n F2, which is non-empty. 

Next we move to fliv|) . Since X2 U x is a flat of M it follows that 
cl(X2) does not meet Xi. Therefore cl(X2) cannot contain Xi fl Fi or 

Xi n F2. 

Suppose that Xi fl Fi is contained in cl(F2). Then Fi — cl(F2) is 
contained in X2 U x. However Proposition 12.61 says that 

(Fi-cl(F2), cl(F2)-y, y) 

is a vertical 3-partition of M. Thus y is in the closure of Fi — cl(F2), 
which means that y G cl(X2 Ux). But this is a contradiction as y G Xi, 
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and X2 U a; is a flat of M. Tlie same argument sliows tliat Xi fl Y2 is 
not contained in cl(Y'i). 

To prove (jvj) we suppose that r((Xi fl Y2) U y) > 3. Consider tlie 
partition (Xi n Fa, ^2 U Fi, of E{M). It follows from ^ that 

A((Xinr2)uy) = A(XinF2) = 2, 

so A(X2 U Yi) = 2. Furthermore y G c[(Yi), so y is in the closure of 
X2 U Fl. Proposition O shows that ?/ G cl(Xi n K,), so r(Xi n ^2) > 3. 
Now it is easy to see that 

(Xiny2, X2UY1, 

is a vertical 3-partition of M. However y E A H Xi and Xi fl Y2 does 
not meet X2, so we have a contradiction to the fact that (Xi, X2, x) 
is a minimal partition. 

We conclude by proving (jvi]). Suppose that A((Xinyi)U{a;, y}) = 2. 
This implies that A(X2Uy2) = 2. Since y G cl(l2) it follows easily that 
A((Xi n Yi) U x) = 2. Consider the partition 

((XinYi)Ua;, X2ur2, y) 

of E{M). Since y G cl(y2) it follows from Proposition 12.21 that y is in 
the closure of (Xi n Fi) U x. Thus if r((Xi n Yi) U {x, y}) > 3 it follows 
that r((Xi n Fl) U x) > 3. In this case 

((XinFi)ux, X2UF2, y) 

is vertical 3-partition of M that violates the fact that (Xi, X2, x) is a 
minimal partition. This completes the proof of the lemma. □ 

Proposition 4.6. Suppose that (Xi, X2, x) is a minimal partition of 
the 3-connected matroid M with respect to the set A C E{M). Assume 
that (Fl, F2, y) is a vertical 3-partition of M such that y E AnXi and 
X G Fl. //|Xi nF2| > 2 then 

n((Xi n Fl) u {x, y}, Xi n F2) = n((Xi n Fi) u y, Xi n F2) = 1. 

Proof. The hypotheses imply that |i?(M)| > 4, so every circuit or 
cocircuit of M contains at least three elements. Let tt = n((Xi fl Fi) U 
{x, y}, Xi n F2). We know from Lemma ^ that r(Xi fl F2) < 2. 
Therefore vr < 2. On the other hand, since |Xi fl F2I > 2, the fact that 
r((Xi n F2) Uy) < 2 implies that y G cl(Xi fl F2). This in turn implies 
that TT > 1. 

Assume that vr = 2. Then Xi n F2 C cl((Xi n Fi) U {x, y}). Since 
X, y E cl(Fi) this means that XinF2 C cl(Fi). But this contradicts ([iv]) 
of Lemma 14. 5[ Exactly the same argument shows that □ ( (Xi fl Fi ) U 

y, XinF2) = i. □ 
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Lemma 4.7. Suppose that (Xi, X2, x) is a minimal partition of the 
3-connected matroid M with respect to the set A C E{M). Assume 
that (Yi, Y2, y) is a vertical '^-partition of M such that y E Af\Xi and 
X e Yi. If \Xi n F2I > 2 then y G cl((Xi n Yi) U x). 

Proof. The hypotheses imply that every circuit of M contains at least 
three elements. Since \Xi fl > 2 it follows from Lemma 14.51 (jvj) 
implies that y G cl(XinF2)- We assume that y ^ cl((XinY'i)Ux). Since 
XiHYi is non-empty by Lemma 113] (H]) it follows that |(XinYi)Ux| > 2, 
so A((Xi n Yi) Ux)>2. Furthermore A((Xi n Fi) U {x, y}) < 3 by dm]) 
of Lemma 1^31 As y G cl(F2) we deduce that 

2 < A((Xi n Yi) Ux) < A((Xi n Fi) U {x, y}) < 3. 

Thus A((Xi n Yi) U x) = 2. Moreover it follows from (Jn]) in Lemma H75] 
that A((Xi n Y2) Uy) = 2. Therefore 

((XinFi)ux, (Xi n F2) u X2) 

is an exact 3-partition. 

As X G cl(X2) it follows that n((Xi n Yi) U x, X2) > 1. Now Corol- 
lary EH implies that n((Xi n Y2) U y, X2) > 1. But (Jiv]) and (jv]) of 
Lemma 113] imply that Xi n F2 ^ cl(X2) and that r((Xi n Y2) Uy) = 2. 
We deduce that n((Xi n Y2) U y, X2) = 1. Again using Corollary EIH 
we see that 

n((XinFi)ux, (XinF2)uy) = L 

Proposition 14.61 tells us that 

n((Xinri)u{x, y}, Xi nr2) = i. 

Since y G cl(Xi fl Y2) we can easily deduce that y G cl((Xi fl Yi) U x), 
contrary to our initial assumption. □ 

Lemma 4.8. Suppose that C* is a cocircuit of the 3-connected matroid 
M. Suppose that (Xi, X2, x) is a minimal partition of M with respect 
to C* . Assume that si(M/xo) is not 3-connected for any element xq G 
C* n Xi. Let (Yi, Y2, y) he a vertical 3-partition of M such that y G 
C* n Xi, and assume that a; G Y^. Then |Xi 0^21 = 1- 

Proof. The hypotheses of the lemma imply that every circuit and co- 
circuit of M contains at least three elements. Let us assume that the 
lemma fails, so that |Xi fl 1^2! > 2. Now (jvj) of Lemma |13] implies that 
(Xi n Y2) U y contains a triangle of M that contains y. Since C* meets 
this triangle in y, there must be an element 2; G Xi fl Y2 such that 
z G C*. 

By assumption s\.{M/ z) is not 3-connected so Proposition 12.51 implies 
that there is vertical 3-partition z). Let us assume that x E Z[. 
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Suppose that y G Z[, where {i, j} = {1, 2}. Since r((XinF2)Uy) = 2 
and z G c[{Z-) it follows that (Xi fl Y2) U ?/ C cl(Z-), as y ^ z and 
2 G Xi n Fa- Let = Z'^ U (Xi H Fs) U ?/ and let Zj = Z] - Z.-,. Then 
Proposition 12.61 implies that (Zi, Z2, ,2) is a vertical 3-partition. Note 
that X G Zi, whether i is equal to 1 or 2. 

Suppose that i = 2. Then (Xi fl Y2) U y C Z2 U z. This means 
that (Xi n Zi) U X C (Xi n Fl) U {x, y}. Lemma O says that z G 
cl((XinZi)Ux). Therefore z G cl((XinFi)U{x, y}). But since {y, z} 
spans (Xi n F2) U y this implies that (Xi HYi) U {x, y} spans Xi fl F2. 
As X, ?/ G cl(Fi) it now follows that Fi spans Xi fl F2, in contradiction 
to Lemma [4.51 fliv|) . Therefore i = 1, so (Xi fl F2) U ?/ C Zi U 2;. 

We conclude that Xi fl Z2 C (Xi fl Fi) U {x, y}. Suppose that 
|XinZ2| > 2. It follows from ^ of Lemma|M]that r((XinZ2)Uz) = 2. 
Therefore z is in cl(XinZ2), and hence in cl((XinFi)U{x, y}). Exactly 
as before, we conclude that Fi spans XinF2, a contradiction. Therefore 

\XinZ2\ < 1. 

As r{Z2) > 3 we deduce that IX2 n Z2I > 2. But A(X2 n Z2) < 2 
by (juj) of Lemma 14.51 so it follows that A(X2 fl Z2) = 2, and hence 
A(Xi U Zi) = 2. Now A(Xi U x) + X{Zi U z) = 4, so the submodularity 
of the connectivity function implies that 

A((Xi n Zi) U {x, z}) + A(Xi U Zi) < 4. 

We now conclude that A((Xi fl Zi) U {x, z}) < 2. It follows from (jvi]) 
of Lemma US] that r((Xi n Zi) U {x, z}) = 2. 

We have already deduced that (Xi n F2) U y C Zi U z, so Xi n F2 C 
(XinZi)Uz. But iXiHFsl > 2, and r((XinZi)U{x, z}) = 2. Therefore 
X G cl(Xi n F2). We also know that y G cl(Xi n F2). Proposition |M1 
asserts that 

n((XinFi)u{x, y}, XinF2) = i. 

Since x, y G cl(Xi fl F2) it follows from Proposition 12.141 that 
r({x, y}) < 1, a contradiction as M is 3-connected. This completes 
the proof of the lemma. □ 

5. Proof of the main result 

We restate Theorem 11.21 here. 

Theorem 5.1. Suppose that M and N are 3-connected matroids such 
that \E{N)\ > 4 and C* is a cocircuit of M with the property that M/xq 
has an N -minor for some xo G C*. Then either: 

(i) there is an element x E C* such that si(M/x) is 3-connected and 
has an N -minor; 
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(a) there is a four- element fan (xi, X2, x^, X4) of M such thatxi, X3 G 
C* , and si{M/x2) is 3-connected with an N -minor; 

(Hi) there is a segment-co segment pair {L, L*) such that L C C* , and 
cl{L) — L contains a single element e. In this case e ^ C* and 
si(M/e) is 3-connected with an N -minor. Moreover Mj cl(L) is 
3-connected with an N -minor, and if Xi E L then M/xi is 3-con- 
nected up to a unique spore (cl(L) — Xj, Ui); or, 

(iv) there is a segment- cosegment pair {L, L*) such that L is a flat and 
\L — C*\ < 1. In this case M/L is 3-connected with an N -minor, 
and if Xi E L then M/xi is 3-connected up to a unique spore 
(L — Xj, Ui) . 

Proof. Assume that M is a counterexample to the theorem. Let xq 
be an element of C* such that is a minor of M/xq. By hypoth- 
esis si(M/xo) is not 3-connected, so Proposition 12.51 implies there is 
a vertical 3-partition (Zi, Z2, Xq). It follows easily that |i?(M)| > 
7. By Proposition 12.91 we will assume, relabeling as necessary, that 
\E{N) n Zi\ < 1. Let Z = Zi- cl(Z2). Lemma [HD] implies that M/e 
has an A^-minor for every element e G and Lemma [4.31 implies that 
there is a minimal partition (Xi, X2, x) with respect to C* such that 
X G C* n (Z U xo), and Xi C Z. 

Proposition 14.11 implies that C* has a non-empty intersection with 
Xi - cl(X2). lfseC*n (Xi - cl(X2)) then si (M/s) is not 3-connected 
by hypothesis. Therefore there is a vertical 3-partition {Si, S2, s). 

5.1.1. Suppose that s & C* is contained in Xi — cl(X2) and that 
[Si, S2, s) is a vertical 3-partition such that x G Si. Then iXinSil > 2 
and (Xi n Si) U {s, x} is a segment of M. 

Proof. Lemma [4.81 tells us that |Xi fl 521 = 1. By Lemma [4.51 ([1]) we 
know that iXiflS*!! > 1. Assume that |XinS'i| = 1. Then Xi contains 
exactly three elements: the unique element in Xi fl 5*2, the unique 
element in Xi fl 6*1, and s. By the definition of a vertical 3-partition it 
follows that r(Xi) = 3 and that Xi is a triad of M. As x G cl(Xi) it 
follows that there is a circuit C C Xi U x that contains x. It cannot be 
the case that the single element in Xi fl S2 is in C, for that would imply 
that Xi n 5*2 C cl(5'i), contradicting Lemma 1^31 f[iv|) . As C does not 
meet the triad Xi in a single element it follows that (Xi fl Si) U {x, s} 
is a triangle. 

If we let X2 be the unique element in Xi fl S'l, let X4 be the unique 
element in Xi [15*2, and let xi = x and X3 = s, then (xi, X2, X3, X4) is a 
four-element fan of M. If si(M/x2) is 3-connected then statement (ii) 
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of Theorem 15.11 holds, which is a contradiction as M is a counterex- 
ample to the theorem. Therefore we will assume that si(M/x2) is not 
3-connected. 

Since si(M/a;3) is not 3-connected Theorem 12.151 asserts that 
co(M\x3) is 3-connected. Assume that every triad of M that con- 
tains X3 also contains X2- Then co(M\x3) = M\x^/x2- However X3 
is contained in a parallel pair in Mjx^-, so si(M/x2) is obtained from 
M\xz/x2 by possibly deleting parallel elements. As M\x^/x2 is 3-con- 
nected it follows that si(M/x2) is 3-connected, contrary to hypothesis. 

Therefore there is a triad T* of M that contains X3 but not X2- Now 
T* cannot meet the triangle {xi, X2, X3} in exactly one element, and 
therefore xi G T*. Let 2/2 be the unique element in T* — {a;i, X3}. 
Since every triad that contains X3 must contain either xi or 0:2, and 
since both {xi, x^} and {x2, x^} are contained in triads of M it follows 
that co(M\x3) = M\x3,/xi/x2. Note that X3 is a loop of M/xi/x2, so 

M\x^/Xi/X2 = M/X3/X1/X2. 

As si(M/x3) is not 3-connected there is a vertical 3-partition 
{Zi, Z2, X3) of M. By relabeling as necessary we may assume that 
Xi G Z2. Hence X2 G cl(Z2 U 0:3), so by Proposition 12.61 we may 
assume that X2 G Z2. Now {Zi, Z2) is an exact 2-separation of 
M/x3, but M/xz/xi/x2 is 3-connected. By Proposition 12.11 we see 
that Z2 — {xi, X2} must contain at most one element. If Z2 = {xi, X2} 
then t{Z2) < 2, a contradiction. Therefore Z2 — {xi, X2} contains ex- 
actly one element. Let this element be j/3. It is easy to see that Z2 
must be a triad of M. 

We relabel 0:4 with Let L = {xi, X2, 0:3} and let L* = {yi, 1/2, 1/3}. 
Now L is a segment of M. Proposition 14.41 implies X2 U is a 
hyperplane, and as {xi, X2, X3} is a triangle it is easy to see that 
n(X2 U Xi, {x2, X3}) = 1. If there were some element e in cl(L) — L 
then Proposition 12. 141 would imply that r({e, Xi}) < 1, a contradiction. 
Therefore L is a flat of M. Moreover [L — Xi) U i/i is a cocircuit of M 
for all i G {1, 2, 3}, so (L, L*) is a segment-cosegment pair of M. 

By applying Proposition 13.31 and Lemma 13.51 we see that M/L 
is 3-connected, and that M/xi is 3-connected up to a unique spore 
{L — Xi, Hi) for all i G {1, 2, 3}. We know that M/x^ has an A^-minor. 
However {xi, X2} is a parallel pair in M/x^, so M/a;3\a;i has an A^-mi- 
nor. Furthermore {x2, 1/3} is a series pair of M/a;3\xi, so M/x3\xi/x2, 
and hence M/L, has an A^-minor. Thus statement (iv) of Theorem 15. II 
holds, a contradiction. We conclude that \Xi H Si\ > 2. 

Since A(Xi U x) = \{Si U s) = 2 it follows that 

A((Xi n ^1) U {s, x}) + A(Xi U Si) < 4. 
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Suppose that A((Xi n Si) U {s, x}) > 3. Then A(Xi U Si) < 1, so 
X{X2nS2) < 1. However, as jXinS'sl = 1 it follows that iXaH^al > 2, 
so M contains a 2-separation, a contradiction. Thus A((Xi fl Si) U 
{s, x}) < 2 and it follows from Lemma I4l5] (fyij) that (Xi fl Si) U {s, x} 
is a segment. □ 

5.1.2. The rank o/Xi U x zs three. Moreover, Xi is a cocircuit of M. 

Proof. Let s G C* be an element in Xi — cl(X2) and suppose that 
(5*1, 5*2, s) is a vertical 3-partition such that a; G Si. Then r((Xi fl 
Si) U {s, x}) = 2 by 15X11 and as |Xi n S2I = 1, Lemma El 1^ 
implies that r(Xi U x) = 3. 

Proposition 14.41 asserts that X2UX is a flat of M, so Xi is a cocircuit. 

□ 

5.1.3. Suppose that y and z are elements in C* fl Xi, and (Yi, Y2, y) 
and {Zi, Z2, z) are vertical 3-partitions such that x ^ Yi (1 Zi. Then 

|XinF2| = |^inZ2| = 1 and Xi n 1^2 = ^1 n Z2. 

Moreover 

(Xi n Yi) U {x, y} = (Xi n Zi) U {x, z). 

Proof. Let x' be the unique element in Xi fl 12- From [SXT] we see that 
(Xi n Fl) U {x, is a segment. The only element of Xi not in (Xi fl 
Fl) U {x, y} is x'. It cannot be the case that x' G cl((Xi fl Fi) U {x, y}) 
by Lemma 1475) (lvi|) . The same arguments shows that (Xi fl Zi) U {x, z} 
is a segment, and the only element of Xi not in this segment is x'. Now 
the result follows easily. □ 

5.1.4. Let y & C* he an element in Xi and suppose that (Fi, F2, y) is 
a vertical 3-partition such that a; G Fi. Then IX2 fl Fi| = 1. 

Proof. We know by 15.1.11 that (Xi fl Fi) U {x, y} is a segment. Let 
L' = (Xi n Fl) U {x, y} and let x' be the unique element in Xi fl F2. 
Since the complement of C* is a flat of M which does not contain the 
segment L' it follows that at most one element of L' is not contained 
in C*. As |Xi n Fi| > 2 we can find an element 2 G (Xi n Fi) n C*. 
There must be a vertical 3-partition (Zi, Z2, z) such that x G Zi. 
From [5X3] we see that the unique element in Xi fl Z2 is x', and that 
(Xi n Zi) U {x, z) = L'. 

Let F/ and Z^ denote X2 fl Fj and X2 fl Z^ respectively for i = 1, 2. 
As (Xi, X2, x) is a minimal partition it follows that F/ and Z'- are 
non-empty for alH G {1, 2}. Henceforth we will assume that |F/| > 1 
in order to obtain a contradiction. 



5.1.5. X G cl(F/). 
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Proof. We know that A(Y'/ U x) < 2 by Lemma 113] (dll) . Since \YI\ > 
2 it follows that A(Y'/ U x) = 2 and hence A(Xi U ¥2) = 2. Since 
X G cl(Xi U Y2) it follows that X{Y() = 2, so Lemma [2.21 implies that 
X G cl(F/). □ 

5.1.6. Neither Y-[ fl Z[ nor Y2 fl Z2 is empty. 

Proof. We know from 15.1.51 that x G cl(Y'/). Since z G c\{Z2) but 
(Xi n Zi) ^ cl(Z2), we deduce that x ^ cl(Z2) as L' is a segment 
containing both x and z. Thus a; ^ 01(^2 U x'). Hence Y( — Z2 7^ so 

Yl n z[ ^ 0. 

Note that z is in the closure of Z2 = Zl^Ux' , but 2; ^ cl(Z2) as Xi is a 
cocircuit by l5.1.2] This observation means that x' G cl(Z2U2;). However 
z G Yl, and x' ^ cl(Yi) by Lemma SSI (HyI) • Thus x' ^ cl{Y( U z). It 
follows that - F/ 0, so n Y^ 7^ 0. □ 

5.1.7. (L' U {Y; n Fa U Z2) is a 3-separation of M . 

Proof. Note that X{Y2) = X{Z2) = 2, so \(Y2 n Z2) + X{Y2 U Z2) < 4. 
FromEXDwe see that Y^nZ!^ ^ 0. Moreover x' G (r2nZ2) - (F2 nZ^), 
which implies that \Y2r\Z2\ > 2. Thus X{Y2nZ2) > 2, so X{Y2UZ2) < 2. 
As both L' U (y/ n Z() and I2 U Z2 have cardinality at least three the 
claim follows. □ 

Note that y, z & cl(l2UZ2). As y and z are contained in the segment 
L' it follows that L' C cl(F2 U Z2). U\YlnZ[\ > 2 then it must be the 
case that L' C cl(F/ fl Z[), for otherwise (Y/ n Z[, (Y2 U Z2) U L') is a 

2- separation of M. But L' C d{Y(nZ[) implies that XiHYi C cljXs), 
a contradiction. 

Therefore iF/flZJI < 1. We know from 15.1."^ that Y-[r\Z[ is not empty. 
Let e be the unique element in Y( fl Z[. Suppose that e G cl(L'). As 
X2 U X is a hyperplane and L' is a segment we see that n(X2 U x, L' — 
x) = 1. As e, X G cl(L' — x) it follows from Proposition 12.141 that 
r({e, x}) < 1. We deduce from this contradiction that e ^ cl(L'). 

Hence r(L' U e) = 3, so r(F2 U Z2) = r(M) - 1 by 15X71 Thus the 
complement of cl(y2 U Z2) is a cocircuit. However L' C cl(l2 U Z2), so 
e is a coloop of M, a contradiction. 

Our assumption that IX2 fl Yil > 2 has lead to an impossibility. 
Since X2 fl Yi is non-empty by Lemma 14.51 we conclude that 15.1.41 is 
true. □ 

Now we are in a position to complete the proof of Theorem 15. 1[ Let 
Xi = X, and let X2 be some element in C* D Xi. There is a vertical 

3- partition (Y^, Y2, X2) such that xi G Y^. Lemma tells us that 
|Xi n 1^2^! = 1. Let yi be the unique element in Xi fl Y2. 
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We know that \Xi n > 2 and (Xi n Y-^) U {xi, xa} is a segment 
by lS.l.ll It follows from Proposition |2J4l and the fact that {XiCiY^) U 
X2 is a segment while X2 U Xi is a hyperplane, that (Xi fl Y^) U {xi, X2} 
is a flat. The complement of C* can contain at most one element of 
(Xi n Y^) U {xi, X2}. Let L = n ((Xi n y/) U {xi, xa}). Then 
cl(L) = (Xi n Y^) U {xi, X2}, and cl(L) — L contains at most one 
element. 

Suppose that L = {xi, . . . ,Xt}. We know that t > 3. Let i be a 
member of {2, . . . ,t}. As Xj G C* the fact that M is a counterexample 
to the theorem means that si(M/xj) is not 3-connected, so there is a 
vertical 3-partition (Yj*, Y2, Xj) such that Xi G Yj*. Then 

(Xi n YD u {xi, X,} = (Xi n r^^) u {xi, X2} 

by I5.1.3[ and 15.1.41 implies that there is a unique element in X2 fl F/. 
Let ?/j be this element. 

Define L* to be {yi, . . . , yt}. Note that LflL* = 0. We already know 
that (cl(L) — xi) U ?/i = Xi is a cocircuit. Suppose that i E {2, . . . ,t}. 
Then (cl(L) — Xj) U yi is Yj*. As Y,* contains only one element that is 
not in the segment cl(L) it follows that r(Y^*) = 3. Thus t{Y2 U Xj) = 
r(M) — 1. Furthermore Y2 U Xj is a fiat, for otherwise the complement 
of cl(F2' U cocircuit of rank at most two, which cannot occur 

since M is 3-connected. Hence (cl(L) — Xj) U ?/i is a cocircuit. 

We have shown that (L, L*) is a segment-cosegment pair. Propo- 
sition 13.31 says that M/ cl(L) is 3-connected. It is easy to see that 
the hypotheses of Lemma 13.51 are satisfied, so M/ x-i is 3-connected up 
to the unique spore (cl(L) — Xj, yi), for all i G {1, . . . We know 
that M/x2 has an X-minor, but as cl(L) — X2 is a parallel class of 
M/x2 it follows that M/x2\(cl(L) — {xi, X2}) has an X-minor. Since 
{3^1, 2/2} is a series pair of M/x2\(cl(L) — {xi, X2}) it follows that 
M/x2\(cl(L) — {xi, X2})/xi, and hence M/ cl(L), has an X-minor. 

Suppose that | cl(L) — C*\ =0. Then L = cl(L), and statement (iv) 
of Theorem 15.11 holds. Therefore we must assume that there is a single 
element e in cl(L) — L. Lemma [2.101 tells us that M/e has an X-minor. 
If si(M/e) is 3-connected, then statement (iii) holds. Therefore we 
must assume si(M/e) is not 3-connected. 

Let Xt+i = e. There must be a vertical 3-partition (Y^^^, Y2^^, x^+i). 
We assume that Xi G Y"/"*"^. Since c^Y,*"*"^) contains Xi and Xt+i it 
follows that cl(L) C cl(r/+^). By Proposition ED we may assume that 
Y"/^^ contains cl(L) — xt+i = L. 

As X2 U Xi is a fiat it follows that Xt+i ^ cl(X2). However xt+i G 
cl(K,*"^^), so Xi n K,*^^ 0. We know that Xi = (L U {xt+i, yi}) - Xi, 
and as L C it follows that Xi n ^2^^ = {yi}- 
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Since Xt+i E 01(1^2*'''^)! there is a circuit Ci C ¥2^-^ U Xt+i such that 
Xt+i G Ci. But Y-^ = (L U {xt+i, 1/2}) — X2 is a cocircuit of M and Ci 
must meet this cocircuit in more than one element. The only element 
of — Xt+i that can be in Ci is ?/2- Thus 1/2 G Y2~^^. 

Since (Xi, X2, x) is a minimal partition it follows that X2 fl Y"/^^ is 
non-empty. Assume that |X2nr/+^| > 2. As X{Xi) + XiY^^'^ Uxt+i) = 
4, it follows that 

A((Xi n ^2*^1) U Xi+i) + A(Xi U 1^2*+^) < 4. 

Furthermore A(Xi U a;i) + A (1^2*^^ U 0:4+1) = 4, so 

A((Xi n Y^+^) U xt+i) + A(Xi U Y^+^ U xi) < 4. 

As (Xi n ^2^^) U xt+i = {xt+1, yi} we deduce that A((Xi n Y^^^) U 
Xt+i) = 2. Thus 

(1) A(Xi U Y^+'), A(Xi U 1^2*+' U xi) < 2. 

Both of the sets in Equation ([1]) contain at least two elements, and by 
assumption |X2ny/+^| > 2. Therefore X2nr/+^ and (X2 n U Xi 
are exactly 3-separating. Since xi G cl(Xi) we see from Lemma 12.21 
that xi G cl(X2 n y/^^). Thus there is a circuit C2 C (X2 n U xi 
such that Xi C C2. We have already noted that Y^ is a cocircuit, and as 
xi G Y^ it follows that \C2r\Y^\ > 2. As C2-X1 C X2 the only element 
other than xi that can be in C2 fl Y^ is y2- Hence ?/2 G C2 C F/^^, a 
contradiction as we have already deduced that 1/2 G ^2*^^- 

We are forced to conclude that X2 ny,*'''^ contains a unique element. 
Let this element be yt+i- Therefore F/"*"^ = LUyt+i. Thus r(Y]*"'"^) = 3, 
so r(y2*'''"'^) = r(M) — 1. If 1^2*'*'^ U ^t+i is not a hyperplane, then the 
complement of cl(y2*^^ U cocircuit of rank at most two, a 

contradiction. Therefore (cl(L) — xt+i) U yt+i = Y"/^^ is a cocircuit. 

Let Lq = {xi, . . . ,Xt+i} and let Lq = {yi, . . . ,yt+i}. Note that 
Lq = cl(L), so Lq is a flat. We have shown that (Lq, Lq) is a segment- 
cosegment pair. Moreover, M/xt+i is 3-connected up to a unique spore 
(Lq — Xf+i, yt+i), by Lemma ESI By relabeling Lq and Lg as L and L* 
respectively we see that statement (iv) of Theorem 15.11 holds. Hence 
M is not a counterexample, and this contradiction completes the proof 
of Theorem 15.11 □ 
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